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Abstract
In this paper, we introduce the concept of common limit in the range property for
mappings F : X × X × X → X and g : X → X , where (X ,d) is an abstract metric space,
and establish tripled coincidence point and common tripled ﬁxed point theorems by
using the common limit in the range property. Our theorems generalize and extend
several well-known comparable results in the literature, in particular the results of
Aydi et al. (Fixed Point Theory Appl. 2012:134, 2012). Also, we give examples to
validate our main results which are not applied by the results in the literature.
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1 Introduction
The concept of K-metric spaces was reintroduced by Huang and Zhang under the name
of cone metric spaces [] which is the generalization of a metric space. The idea of cone
metric spaces is to replace the codomain of a metric from the set of real numbers to an
ordered Banach space. They reintroduced the deﬁnitions of convergent and Cauchy se-
quences in the sense of an interior point of the underlying cone. They also continued with
results concerning the normal cones only. One of the main results of Huang and Zhang
in [] is ﬁxed point theorems for contractive mappings in normal cone spaces. In fact, the
ﬁxed point theorem in cone metric spaces is appropriate only in the case when the un-
derlying cone is non-normal and its interior is nonempty. Janković et al. [] studied this
topic and gave some examples showing that theorems from ordinarymetric spaces cannot
be applied in the setting of non-normal cone metric spaces. Many works for ﬁxed point
theorems in cone metric spaces appeared in [–].
In , Abbas et al. [] introduced the concept ofw-compatiblemappings and obtained
a coupled coincidence point and a coupled point of coincidence for suchmappings satisfy-
ing a contractive condition in conemetric spaces. Very recently, Aydi et al. [] introduced
the concept ofW -compatible mappings for mappings F : X ×X ×X → X and g : X → X,
where (X,d) is an abstract metric space and established tripled coincidence point and
common tripled ﬁxed point theorems in these spaces.
On the other hand, Sintunavarat andKumam [] coined the idea of common limit range
property for mappings F : X → X and g : X → X, where (X,d) is a metric space (and fuzzy
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metric spaces) and proved the common ﬁxed point theorems by using this property. Af-
terward, Jain et al. [] extended this property formappings F : X×X → X and g : X → X,
where (X,d) is a metric space (and fuzzy metric spaces) and established a coupled ﬁxed
point theorem for mappings satisfying this property. Several common ﬁxed point the-
orems have been proved by many researcher in the framework of many spaces via the
common limit range property (see [–] and the references therein).
Starting from the background of coupled ﬁxed points, the concept of tripled ﬁxed points
was introduced by Samet andVetro [] and Berinde and Borcut [] and it wasmotivated
by the fact that through the coupled ﬁxed point technique we cannot give the solution of
some problems in nonlinear analysis such as a system of the following form:
⎧⎪⎨
⎪⎩
x + yz – x +  = ,
y + xz – y +  = ,
z + yx – z +  = .
In this paper, we introduce the concept of common limit in the range property for map-
pings F : X×X×X → X and g : X → X, where (X,d) is an abstractmetric space, and study
the existence of tripled coincidence point and common tripled ﬁxed point theorems for
W -compatible mappings in cone metric spaces by using the common limit in the range
property. We also furnish examples to demonstrate the validity of the results which are
not applied by the results in the literature. It is worth mentioning that our results do not
rely on the assumption of normality condition of the cone and thus ﬁxed point results in
this trend are still of interest and importance in some ways.
2 Preliminaries
In this paper, we denote from now on X ×X · · ·X ×X︸ ︷︷ ︸
k terms
by Xk where k ∈ N and X is a
nonempty set. The following deﬁnitions and results will be needed in the sequel.
Deﬁnition . Let E be a real Banach space and E be the zero element in E. A subset P
of E is called a cone if it satisﬁes the following conditions:
(a) P is closed, nonempty and P = {E},
(b) a,b ∈R, a,b≥ , x, y ∈ P imply that ax + by ∈ P,
(c) P ∩ (–P) = {E}.
Given a cone P of the real Banach space E, we deﬁne a partial ordering  with respect
to P by x  y if and only if y – x ∈ P. We shall write x  y for y – x ∈ Int(P), where Int(P)
stands for the interior of P. Also we will use x≺ y to indicate that x y and x = y.
The cone P in the normed space (E,‖ · ‖) is called normal whenever there is a number
k >  such that for all x, y ∈ E, E  x  y implies ‖x‖ ≤ k‖y‖. The least positive number
satisfying this norm inequality is called the normal constant of P. In , Rezapour and
Hamlbarani [] showed that there are no normal cones with a normal constant k < .
In what follows we always suppose that E is a real Banach space with a cone P satisfying
Int(P) = ∅ (such cones are called solid).
Deﬁnition . ([, ]) Let X be a nonempty set. Suppose that d : X×X → E satisﬁes the
following conditions:
(d) E  d(x, y) for all x, y ∈ X and d(x, y) = E if and only if x = y,
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(d) d(x, y) = d(y,x) for all x, y ∈ X ,
(d) d(x, y) d(x, z) + d(z, y) for all x, y, z ∈ X .
Then d is called a conemetric or aK-metric onX and (X,d) is called a conemetric space
or a K-metric space.
Remark . The concept of K-metric space is more general than the concept of metric
space, because each metric space is a K-metric space where X = R with the usual norm
and a cone P = [,∞).
Deﬁnition . ([]) Let X be a K-metric space and {xn} be a sequence in X. We say that
{xn} is
(C) a Cauchy sequence if and only if for each c ∈ E with c E there is some k ∈N such
that d(xn,xm) c for all n,m≥ k;
(C) a convergent sequence if and only if for each c ∈ E with c  E there is some k ∈ N
such that d(xn,x) c for all n≥ k, where x ∈ X . This limit is denoted by limn→∞ xn =
x or xn → x as n→ ∞.
Remark . Every convergent sequence in a K-metric space X is a Cauchy sequence but
the converse is not true.
Deﬁnition . A K-metric space X is said to be complete if every Cauchy sequence in X
is convergent in X.
Deﬁnition . ([]) Let X be a nonempty set. An element (x, y, z) ∈ X is called a tripled
ﬁxed point of a given mapping F : X → X if x = F(x, y, z), y = F(y, z,x) and z = F(z,x, y).
Berinde and Borcut [] deﬁned diﬀerently the notion of a tripled ﬁxed point in the case
of ordered sets in order to keep true the mixed monotone property.
Deﬁnition . ([]) Let X be a nonempty set. An element (x, y, z) ∈ X is called
(i) a tripled coincidence point of mappings F : X → X and g : X → X if gx = F(x, y, z),
gy = F(y,x, z) and gz = F(z,x, y). In this case (gx, gy, gz) is called a tripled point of
coincidence;
(ii) a common tripled ﬁxed point of mappings F : X → X and g : X → X if
x = gx = F(x, y, z), y = gy = F(y, z,x) and z = gz = F(z,x, y).
Example . Let X =R. We deﬁne F : X → X and g : X → X as follows:




sin(z) and gx =  + π – x
for all x, y, z ∈ X. Then (π , π , π ) is a tripled coincidence point of F and g , and (, , ) is a
tripled point of coincidence.
Deﬁnition . ([]) Let X be a nonempty set. Mappings F : X → X and g : X → X are
calledW -compatible if




whenever F(x, y, z) = gx, F(y, z,x) = gy and F(z, y,x) = gz.
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Example . Let X = [, ). Deﬁne F : X → X and g : X → X as follows:
F(x, y, z) = x
 + y + z
 and gx =
x

for all x, y, z ∈ X. One can show that (x, y, z) is a tripled coincidence point of F and g if and
only if x = y = z = . Since F(g, g, g) = g(F(, , )), we get that F and g areW -compat-
ible.
3 Main results
Now, we introduce the following concepts.
Deﬁnition . Let (X,d) be a K-metric space with a cone P having nonempty interior
(normal or non-normal). Mappings F : X → X and g : X → X are said to satisfy the E.A.
property if there exist sequences {xn}, {yn}, {zn} ∈ X such that
lim
n→∞F(xn, yn, zn) = limn→∞ g(xn) = x,
lim
n→∞F(yn, zn,xn) = limn→∞ g(yn) = y,
lim
n→∞F(zn,xn, yn) = limn→∞ g(zn) = z
for some x, y, z ∈ X.
Deﬁnition . Let (X,d) be a K-metric space with a cone P having nonempty interior
(normal or non-normal). Mappings F : X → X and g : X → X are said to satisfy the CLRg
property if there exist sequences {xn}, {yn}, {zn} ∈ X such that
lim
n→∞F(xn, yn, zn) = limn→∞ g(xn) = gx,
lim
n→∞F(yn, zn,xn) = limn→∞ g(yn) = gy,
lim
n→∞F(zn,xn, yn) = limn→∞ g(zn) = gz
for some x, y, z ∈ X.
Theorem . Let (X,d) be a K-metric space with a cone P having nonempty interior (nor-
mal or non-normal), and let F : X → X and g : X → X be mappings satisfying the CLRg
property. Suppose that for any x, y, z,u, v,w ∈ X, the following condition holds:
d
(


















































+ ad(gx, gu) + ad(gy, gv) + ad(gz, gw),
where ai, i = , . . . , , are nonnegative real numbers such that
∑
i= ai < . Then F and g
have a tripled coincidence point.
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Proof Since F and g satisfy the CLRg property, there exist sequences {xn}, {yn}, {zn} ∈ X
such that
lim
n→∞F(xn, yn, zn) = limn→∞ g(xn) = gx, ()
lim
n→∞F(yn, zn,xn) = limn→∞ g(yn) = gy, ()
lim
n→∞F(zn,xn, yn) = limn→∞ g(zn) = gz ()
for some x, y, z ∈ X.
Now, we prove that F(x, y, z) = gx, F(y, z,x) = gy and F(z,x, y) = gz. Note that for each
n ∈N, we have
d
(
F(x, y, z), gx
) d(F(x, y, z),F(xn, yn, zn)) + d(F(xn, yn, zn), gx). ()
On the other hand, applying the given contractive condition and using the triangular
inequality, we obtain that
d
(


















































+ ad(gx, gxn) + ad(gy, gyn) + ad(gz, gzn)
 ad
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+ ad(gx, gxn) + ad(gy, gyn) + ad(gz, gzn)
for all n ∈N. Combining the above inequality with (), we have
d
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+ ad(gx, gxn) + ad(gy, gyn) + ad(gz, gzn) + d
(
F(xn, yn, zn), gx
)
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for all n ∈N. Therefore,
( – a – a)d
(
F(x, y, z), gx
)








 ( + a + a)d
(
F(xn, yn, zn), gx
)








+ (a + a + a)d(gx, gxn)
+ (a + a + a)d(gy, gyn) + (a + a + a)d(gz, gzn) ()
for all n ∈N. Similarly, we obtain








– (a + a)d
(
F(x, y, z), gx
)








+ (a + a)d
(
F(xn, yn, zn), gx
)
+ (a + a + a)d(gy, gyn)
+ (a + a + a)d(gz, gzn) + (a + a + a)d(gx, gxn) ()
and




– (a + a)d
(
F(x, y, z), gx
)








+ (a + a)d
(
F(xn, yn, zn), gx
)




+ (a + a + a)d(gz, gzn)
+ (a + a + a)d(gx, gxn) + (a + a + a)d(gy, gyn) ()
for all n ∈N. Adding (), () and (), we get














 ( + a + a + a + a + a + a)d
(
F(xn, yn, zn), gx
)








+ (a + a + a + a + a + aa + a + a)d(gx, gxn)
+ (a + a + a + a + a + aa + a + a)d(gy, gyn)
+ (a + a + a + a + a + aa + a + a)d(gz, gzn)
for all n ∈N. Therefore, for each n ∈N, we have
d
(










 αd(F(xn, yn, zn), gx) + αd(F(yn, zn,xn), gy) + αd(F(zn,xn, yn), gzn)
+ βd(gx, gxn) + βd(gy, gyn) + βd(gz, gzn),
where
α =  – a – a – a – a – a – a
, β =  – a – a – a – a – a – a
.
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From (), () and (), for any c ∈ E with E  c, there exists N ∈N such that
d
(










d(gxn, gx) cmax{α,β} ,
d(gyn, gy) cmax{α,β} ,
d(gzn, gz) cmax{α,β}
for all n≥N . Thus, for all n≥N , we have
d
(









) c + c + c + c + c + c = c.
It follows that d(F(x, y, z), gx) = d(F(y, z,x), gy) = d(F(z,x, y), gz) = E , that is, F(x, y, z) = gx,
F(y, z,x) = gy and F(z,x, y) = gz. 
Corollary . Let (X,d) be a K-metric space with a cone P having nonempty interior (nor-
mal or non-normal), let F : X → X and g : X → X bemappings satisfying the E.A. property,






















































+ ad(gx, gu) + ad(gy, gv) + ad(gz, gw),
where ai, i = , . . . , , are nonnegative real numbers such that
∑
i= ai < . Then F and g
have a tripled coincidence point.
Proof Since F and g satisfy the E.A. property, there exist sequences {xn}, {yn}, {zn} ∈ X such
that
lim
n→∞F(xn, yn, zn) = limn→∞ g(xn) = p,
lim
n→∞F(yn, zn,xn) = limn→∞ g(yn) = q,
lim
n→∞F(zn,xn, yn) = limn→∞ g(zn) = r
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for some p,q, r ∈ X. It follows from g(X) is a closed subspace of X that p = gx, q = gy and
r = gz for some x, y, z ∈ X, and then F and g satisfy the CLRg property. By Theorem ., we
get that F and g have a tripled coincidence point. 
Corollary . (Aydi et al. []) Let (X,d) be a K-metric space with a cone P having
nonempty interior (normal or non-normal), and let F : X → X and g : X → X be map-






















































+ ad(gx, gu) + ad(gy, gv) + ad(gz, gw),
where ai, i = , . . . , , are nonnegative real numbers such that
∑
i= ai < . Then F and g
have a tripled coincidence point provided that g(X) is a complete subspace of X.
Corollary . Let (X,d) be a K-metric space with a cone P having nonempty interior (nor-
mal or non-normal), and let F : X → X and g : X → X be mappings satisfying the CLRg
property. Suppose that for any x, y, z,u, v,w ∈ X, the following holds:
d
(




























































d(gx, gu) + d(gy, gv) + d(gz, gw)
]
,
where αi, i = , . . . , , are nonnegative real numbers such that
∑
i= αi < /. Then F and g
have a tripled coincidence point.
Proof It suﬃces to take a = a = a = α, a = a = a = α, a = a = a = α, a = a =
a = α and a = a = a = α in Theorem . with
∑
i= αi < /. 
Corollary . Let (X,d) be a K-metric space with a cone P having nonempty interior (nor-
mal or non-normal), let F : X → X and g : X → X bemappings satisfying the E.A. property,


































































d(gx, gu) + d(gy, gv) + d(gz, gw)
]
,
where αi, i = , . . . , , are nonnegative real numbers such that
∑
i= αi < /. Then F and g
have a tripled coincidence point.
Proof It follows immediately from Corollary .. 
Corollary . (Aydi et al. []) Let (X,d) be a K-metric space with a cone P having
nonempty interior (normal or non-normal), and let F : X → X and g : X → X be map-
pings such that F(X)⊆ g(X) and for any x, y, z,u, v,w ∈ X, the following holds:
d
(




























































d(gx, gu) + d(gy, gv) + d(gz, gw)
]
,
where αi, i = , . . . , , are nonnegative real numbers such that
∑
i= αi < /. Then F and g
have a tripled coincidence point provided that g(X) is a complete subspace of X.
Next, we prove the existence of a common tripled ﬁxed point theorem for aW -compat-
ible mapping.
Theorem . Let F : X → X and g : X → X be two mappings which satisfy all the condi-
tions of Theorem .. If F and g are W-compatible, then F and g have a unique common
tripled ﬁxed point.Moreover, a common tripled ﬁxed point of F and g is of the form (u,u,u)
for some u ∈ X.
Proof First, we will show that the tripled point of coincidence is unique. Suppose that
(x, y, z) and (x∗, y∗, z∗) ∈ X with⎧⎪⎨
⎪⎩
gx = F(x, y, z),
gy = F(y, z,x),




gx∗ = F(x∗, y∗, z∗),
gy∗ = F(y∗, z∗,x∗),
gz∗ = F(z∗,x∗, y∗).












































































































































































































gx = gx∗, gy = gy∗ and gz = gz∗. ()
This shows the uniqueness of the tripled point of coincidence of F and g , that is, (gx, gy, gz).


















































































































)  (a + a + a)d(gz∗, gy) + (a + a + a)d(gx∗, gz)








)  (a + a + a)d(gx∗, gz) + (a + a + a)d(gy∗, gx)





































i= ai <  that
gx = gy∗, gy = gz∗ and gz = gx∗. ()
From () and (), we can conclude that
gx = gy = gz. ()
This implies that (gx, gx, gx) is the unique tripled point of coincidence of F and g .
Now, let u = gx, then we have u = gx = F(x, y, z) = gy = F(y, z,x) = gz = F(z,x, y). Since F
and g areW -compatible, we have





which due to () gives that
F(u,u,u) = gu.
Consequently, (u,u,u) is a tripled coincidence point of F and g , and so (gu, gu, gu) is a
tripled point of coincidence of F and g , and by its uniqueness, we get gu = gx. Thus, we
obtain
u = gx = gu = F(u,u,u).
Hence, (u,u,u) is the unique common tripled ﬁxed point of F and g . This completes the
proof. 
Corollary . Let F : X → X and g : X → X be two mappings which satisfy all the con-
ditions of Corollary .. If F and g are W-compatible, then F and g have a unique common
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tripled ﬁxed point.Moreover, a common tripled ﬁxed point of F and g is of the form (u,u,u)
for some u ∈ X.
Proof It is similar to the proof of Theorem .. 
Corollary . (Aydi et al. []) Let F : X → X and g : X → X be two mappings which
satisfy all the conditions of Corollary .. If F and g are W-compatible, then F and g have
a unique common tripled ﬁxed point.Moreover, the common tripled ﬁxed point of F and g
is of the form (u,u,u) for some u ∈ X.
Here, we give some illustrative examples which demonstrate the validity of the hypothe-
ses and the degree of utility of our results. These examples cannot conclude the existence
of a tripled coincidence point and a common tripled ﬁxed point by using the main results
of Aydi et al. [].
Example . Let X = [,  ] and E =R with the usual norm. Deﬁne the cone P = {(x, y) ∈
E : x, y≥ } (this cone is normal) and d : X → E by d(x, y) = (|x– y|,α|x– y|), where α ≥ 
is a constant. It is easy to see that (X,d) is a K-metric space over a normal solid cone P.
Consider the mappings F : X → X and g : X → X deﬁned as
F(x, y, z) =
{

















 ; x =  .
Since F(X) = [,  )∪{  } g(X) = [,  )∪{  }, themain results of Aydi et al. [] cannot
be applied in this case.
Next, we show that our results can be used for this case.
• Let us prove that f and g satisfy the CLRg property.
Consider the sequences {xn}, {yn} and {zn} in X which are deﬁned by
xn =

n , yn =

n and zn =

n ; n = , ,  . . . .
Since
lim
n→∞F(xn, yn, zn) = limn→∞ g(xn) = g,
lim
n→∞F(yn, zn,xn) = limn→∞ g(yn) = g,
lim
n→∞F(zn,xn, yn) = limn→∞ g(zn) = g,
thus F and g satisfy the CLRg property with these sequences.
• Next, we will show that F and g areW -compatible.
It easy to see that F(x, y, z) = gx, F(y, z,x) = gy and F(z,x, y) = gz if and only if
x = y = z = . Since





mappings F and g areW -compatible.
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• Finally, we prove that for x, y, z,u, v,w ∈ X ,
d
(


















































+ ad(gx, gu) + ad(gy, gv) + ad(gz, gw),
where a = a =  , a = a = a = a = a = a = a = a = a = a =  and
a = a = a =  such that
∑
i= ai < .
For x, y, z,u, v,w ∈ X, we distinguish the following cases.
Case : (x, y, z) = (  ,  ,  ) and (u, v,w) = (  ,  ,  ). In this case, we have
d
(
F(x, y, z),F(u, v,w)
)
=
(∣∣∣∣x + y + z – u




∣∣∣∣x + y + z – u



















































= ad(gx, gu) + ad(gy, gv) + ad(gz, gw)
 ad
(






+ ad(gx, gu) + ad(gy, gv) + ad(gz, gw).
Case : (x, y, z) = (  ,  ,  ) and (u, v,w) = (  ,  ,  ). In this case, we have
d
(
F(x, y, z),F(u, v,w)
)
=
(∣∣∣∣x + y + z – 
∣∣∣∣,α





























+ ad(gx, gu) + ad(gy, gv) + ad(gz, gw).




 ) and (u, v,w) = (  ,  ,  ). In this case, we have
d
(
F(x, y, z),F(u, v,w)
)
=
(∣∣∣∣  – u
 + v +w

∣∣∣∣,α
∣∣∣∣  – u




























+ ad(gx, gu) + ad(gy, gv) + ad(gz, gw).































































+ ad(gx, gu) + ad(gy, gv) + ad(gz, gw).
Hence, all the hypotheses of Theorem . and Theorem . hold. Clearly, (, , ) is the
unique common tripled ﬁxed point of F and g .
Example . Let X = [, ] and E = C
R
[, ] with the norm ‖f ‖ = ‖f ‖∞ + ‖f ′‖∞ for all
f ∈ E. Deﬁne the cone P = {f ∈ E : f (t) ≥  for t ∈ [, ]} (this cone is not normal) and
d : X → E by d(x, y) = |x– y|ϕ for a ﬁxed ϕ ∈ P (e.g., ϕ(t) = et for t ∈ [, ]). It is easy to see
that (X,d) is a K-metric space over a non-normal solid cone.
Consider the mappings F : X → X and g : X → X deﬁned as
F(x, y, z) =
{

 ; (x, y, z) = (, , ),
x+y+z
 ; (x, y, z) = (, , )
and gx =
{
; x = ,
x
 ; x = .
Since F(X) = [,  )∪ {  } g(X) = [,  )∪ {}, the main results of Aydi et al. [] cannot
be applied in this case.
Next, we show that our results can be used for this case.
• Let us prove that f and g satisfy the CLRg property.
Consider the sequences {xn}, {yn} and {zn} in X which are deﬁned by
xn =

n , yn =

n and zn =

n ; n = , ,  . . . .




n→∞F(xn, yn, zn) = limn→∞ g(xn) = g,
lim
n→∞F(yn, zn,xn) = limn→∞ g(yn) = g,
lim
n→∞F(zn,xn, yn) = limn→∞ g(zn) = g,
thus F and g satisfy the CLRg property with these sequences.
• Next, we will show that F and g areW -compatible.
It is obtained that F(x, y, z) = gx, F(y, z,x) = gy and F(z,x, y) = gz if and only if
x = y = z = . Since





mappings F and g areW -compatible.
• Finally, we prove that for x, y, z,u, v,w ∈ X ,
d
(


















































+ ad(gx, gu) + ad(gy, gv) + ad(gz, gw),
where a = a =  , a = a = a = a = a = a = a = a = a = a =  and
a = a = a =  such that
∑
i= ai < .
For x, y, z,u, v,w ∈ X, we distinguish the following cases.
Case : (x, y, z) = (, , ) and (u, v,w) = (, , ). In this case, we have
d
(
F(x, y, z),F(u, v,w)
)
=













= ad(gx, gu) + ad(gy, gv) + ad(gz, gw)
 ad
(






+ ad(gx, gu) + ad(gy, gv) + ad(gz, gw).
Case : (x, y, z) = (, , ) and (u, v,w) = (, , ). In this case, we have
d
(
F(x, y, z),F(u, v,w)
)
=
∣∣∣∣x + y + z – 
∣∣∣∣ϕ
 ϕ





















+ ad(gx, gu) + ad(gy, gv) + ad(gz, gw).
Case : (x, y, z) = (, , ) and (u, v,w) = (, , ). In this case, we have
d
(
F(x, y, z),F(u, v,w)
)
=






















+ ad(gx, gu) + ad(gy, gv) + ad(gz, gw).
Case : (x, y, z) = (, , ) and (u, v,w) = (, , ). Clearly,
d
(


















































+ ad(gx, gu) + ad(gy, gv) + ad(gz, gw).
Therefore, all the hypotheses of Theorem . and Theorem . hold. It is easy to see that
a point (, , ) is the unique common tripled ﬁxed point of F and g .
4 Conclusions
Our results never require the conditions on completeness (or closedness) of the underlying
space (or subspaces) together with the conditions on continuity in respect of any one of
the involved mappings. Therefore, our results are a generalization of the results of Aydi et
al. [], Abbas et al. [], Olaleru [] and many results in this ﬁeld.
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